
JOURNAL OF THEORETICAL

AND APPLIED MECHANICS

59, 3, pp. 329-342, Warsaw 2021
https://doi.org/10.15632/jtam-pl/136057

SOLUTION OF INVERSE DYNAMICS OF STEWART-GOUGH PLATFORM

USING SUBSTRUCTURE TECHNIQUE

Tran Xuan Tien

Hung Yen University of Technology and Education, Hung Yen, Viet Nam

e-mail: tranxuantienck@utehy.edu.vn

David Cirkl

Technical University of Liberec, Liberec, Czech Republic

e-mail: david.cirkl@tul.cz

The inverse dynamics method is applied to the investigation of dynamical behavior of a
parallel manipulator. The substructure technique is used for creating a differential-algebraic
system of equations that describes motion of the Stewart-Gough platform. The system of
equations is modified into a set of linear differential equations for the determination of
the solution of the inverse dynamics problem. A computational algorithm is developed to
solve the inverse dynamics of the manipulator. Several trajectories of the moving platform
are simulated as a result of the inverse dynamics problem of the Stewart-Gough platform
according to the substructure technique.
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1. Introduction

A parallel manipulator is a mechanical system using several serial chains to support a single
platform or an end-effector. This type of structure provides several benefits to the system, such
as higher load capacity, higher stiffness and a more precise execution of complex end-effector
motion. For this reason, it is applied in various applications in precise manufacturing, medi-
cal science and in space exploration equipment. One of the best-known parallel manipulators,
which consist of six linear actuators, is known as the Stewart-Gough platform. The dynamical
analysis of parallel manipulators is complicated because of the existence of multiple closed-loop
chains. Lots of approaches have already been proposed, including the Newton-Euler formulation
(Do and Yang, 1988; Guglielmetti and Longchamp, 1994; Tsai and Kohli, 1990), Lagrangian
formulation (Lebret et al., 1993; Miller and Clavel, 1992; Pang and Shahingpoor, 1994), and
the principle of virtual work (Angeles, 1997; Codourey and Burdet, 1997; Zanganeh et al., 1997;
Miller, 1995; Zhang and Song, 1993). The task presented in this article is similar to the simula-
tion result of Tsai (2000). However, instead of using the concept of linking Jacobian matrices,
this study focuses on the substructure technique. The Stewart-Gough platform is then divided
into substructures for kinematic and dynamic analyses of the mechanism. A system of linear dif-
ferential equations describing motion and mechanical connections of the substructures is created
and synthesized into a matrix form. An algorithm for determining the solution to the system
of equations is presented. Numerical simulations are performed using Maple software with the
input data obtained by Tsai (2000).
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2. System of equations describing motion of the Stewart-Gough platform

Following Tsai (2000), the Stewart-Gough platform comprises a circular moving platform con-
nected to a fixed base using six extensible limbs AiBi (i = 1, 2, . . . , 6). Each limb is made up of
a cylinder (link 1) and piston (link 2), which are connected by a prismatic joint. Link 1 of each
limb is connected to the moving platform by a spherical joint at Bi, while link 2 is connected to
the fixed base by a universal joint at Ai. Each prismatic joint is driven by a hydraulic actuator
or DC motor via a linear ball screw. For analysis, we use two coordinate systems as illustrated
in Fig. 1. The global coordinate system (O,x0, y0, z0) is attached to the fixed base and another
local coordinate system (P, u, v, w) is attached to the moving platform. Let di be the length of
each limb, ai be the distance from the center of the universal joint Ai to the center of mass O
of the fixed base and bi be the distance from the center of the spherical joint Bi to the center
of mass P of the moving platform. For each limb, the masses of the cylinder and piston are
represented by m1 and m2, respectively.

Fig. 1. Schematic of the Stewart-Gough platform

For the sake of convenience, the origin P of the local coordinate system (P, u, v, w) is located
in the center of mass of the moving platform. So the position of the moving platform is described

in the global coordinate system (O,x0, y0, z0) by the vector rP =
−−→
OP . It can be expressed in

the form of an algebraic vector as r
(0)
P = [xP , yP , zP ]

T. The orientation of the moving platform
is defined by the orientation of the local coordinate system (P, u, v, w) in the global coordinate
system (O,x0, y0, z0) and is described by the roll-pitch-yaw angles (ϕx, ϕy, ϕz), and can be
expressed by a rotational transformation matrix AP (see Khang, 2007)

AP =



cϕzcϕy −sϕzcϕx + cϕzsϕysϕx sϕzsϕx + cϕzsϕycϕx
ϕzcϕy cϕzcϕx + sϕzsϕysϕx −cϕzsϕx + sϕzsϕycϕx
−sϕy cϕysϕx cϕycϕx


 (2.1)

where cϕi = cosϕi, sϕi = sinϕi, with i = x, y, z.

In the local coordinate system (P, u, v, w), the position of the universal joint Bi is determined

by the vector bi =
−−→
PBi, b

(P )
i = [biu, biv , biw]

T.
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Each limb is connected to the fixed base by the universal joint Ai. The i-th limb is represented
by the local coordinate system (Ai, xi, yi, zi), and its orientation concerning the fixed base can be
described by two Euler angles (φi, θi). As illustrated in Fig. 2a, the orientation of the coordinate
system (Ai, xi, yi, zi) can be considered as a result of the coordinate system (Ai, x

′

0, y
′

0, z
′

0) which
is parallel to the coordinate system (O,x0, y0, z0) and undergoes rotation φi about the axis z

′

0,
resulting in the (Ai, x

′

0, y
′

0, z
′

0) system followed by another rotation by θi about the rotary axis y
′

i.
In this manner, the rotation matrix of the i-th limb is given by

Ai =



cφicθi −sφi cφisθi
sφicθi cφi sφisθi
−sθi 0 cθi


 (2.2)

where cφi = cosφi, sφi = sinφi, cθi = cos θi, sθi = sin θi (i = 1, . . . , 6).

Fig. 2. (a) Two Euler angles of the limb. (b) Free body diagram of a typical limb

The position of the universal joint Ai in the global coordinate system (O,x0, y0, z0) can be

described by the algebraic vector a
(0)
i = [aix, aiy, aiz]

T. As illustrated in Fig. 2b, assume that
e1 is the distance between Ai and the center of mass of the i-th cylinder Gi1, while e2 is the
distance between Bi and the center of mass of the i-th piston. In the local coordinate system

(Ai, xi, yi, zi), the algebraic vectors c
(i)
1i and c

(i)
2i represent the positions of the center of mass of

the i-th cylinder and i-th piston, respectively

c
(i)
1i = [0, 0, e1]

T c
(i)
2i = [0, 0, di − e2]

T (2.3)

Then, the centers of mass of the cylinder and piston are given by

rGi1 = ai + ci1 rGi2 = ai + ci2

Thus, in the coordinate system (O,x0, y0, z0), they are given by the following form

r
(0)
Gi1
= a
(0)
i +Aic

(i)
i1 =



aix + cφisθie1
aiy + sφisθie1
aiz + cθie1




r
(0)
Gi2
= a
(0)
i +Aic

(i)
i2 =



aix + cφisθi(di − e2)
aiy + sφisθi(di − e2)
aiz + cθi(di − e2)




(2.4)
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Referring to Fig. 1, the vector loop equation can be written for each limb

−−→
OAi +

−−−→
AiBi =

−−→
OP +

−−→
PBi ⇐⇒

−→ai +
−→
di =
−→rP +

−→
bi (2.5)

in the form of an algebraic matrix equation

a
(0)
i +Aid

(i)
i = r

(0)
P +APb

(P )
i (2.6)

Following substitution, we obtain


aix
aiy
aiz


+



cφicθi −sφi cφisθi
sφicθi cφi sφisθi
−sθi 0 cθi






0
0
di


 =



xP
yP
zP


+AP



biu
biv
biw


 i = 1, 2, . . . , 6 (2.7)

Thus, the position of the i-th limb can be determined by a vector of generalized coordinates

q(i) = [θi, φi, di]
T (2.8)

By using the substructure technique, the Stewart-Gough platform can be separated into seven
substructures consisting of six limbs and a moving platform. Reaction forces act on the i-th
limb, as illustrated in Fig. 3, where XBi, YBi,ZBi are the reaction forces at the position of the
joint Bi (i = 1, . . . , 6) and τi is the input force exerted on the i-th actuated joint (i = 1, . . . , 6).

Fig. 3. Free body diagram of substructures

2.1. System of differential-algebraic equations for motion of each limb

According to Khang (2007), for each limb, the angular velocity of links 1 and 2, denoted by
ωi1 and ωi2, respectively, can be calculated using the tilde operator

w̃
(i)
i1 = w̃

(i)
i2 = A

T
i Ȧi =



0 −cθiφ̇i θ̇i
cθiφ̇i 0 sθiφ̇i
−θ̇i −sθiφ̇i 0


 (2.9)
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Then we get

w
(i)
i1 = w

(i)
i2 =



−sθiφ̇i
θ̇i
cθiφ̇i


 (2.10)

From (2.4), the Jacobian matrices of translation for the links of the i-th limb are given by

JTi1 =
∂r
(0)
Gi1

∂q(i)
=



cφicθie1 −sφisθie1 0
sφicθie1 cφisθie1 0
−sθie1 0 0




JTi2 =
∂r
(0)
Gi1

∂q(i)
=



cφicθi(di − e2) −sφisθi(di − e2) cφisθi
sφicθi(di − e2) cφisθi(di − e2) sφisθi
−sθi(di − e2) 0 cθi




(2.11)

From (2.10), the Jacobian matrices of rotation for the links of the i-th limb are given by

J
(i)
Ri1
= J
(i)
Ri2
=
∂w
(i)
i1

∂q̇(i)
=
∂w
(i)
i2

∂q̇(i)
=



0 −sθi 0
1 0 0
0 cθi 0


 (2.12)

The moment of inertia of the cylinder and piston regarding the coordinate system, with the
origin at the center of mass Gi1 and Gi2, respectively, are presented by

I
(i)
i1 =



Ix1 0 0
0 Iy1 0
0 0 Iz1


 I

(i)
i2 =



Ix2 0 0
0 Iy2 0
0 0 Iz2


 (2.13)

According to Khang (2007), the mass matrix of the i-th limb is written in the following form

M(i)(q(i)) = JTTi1m1JTi1 + J
T
Ti2
m2JTi2 + J

T

R
(i)
i1

I
(i)
Ri1
J
(i)
Ri1
+ J
(i)T
Ri2
I
(i)
Ri2
J
(i)
Ri2

(2.14)

Substituting (2.11), (2.12) and (2.13) into (2.14), we calculate and get

M(i)(q(i)) =




m
(i)
11 m

(i)
12 m

(i)
13

m
(i)
21 m

(i)
22 m

(i)
23

m
(i)
31 m

(i)
32 m

(i)
33


 (2.15)

where

m
(i)
11 = Iy1 + Iy2 +m1e

2
1 +m2(di − e2)

2

m
(i)
22 = [Ix1 + Ix2 +m1e

2
1 +m2(di − e2)

2]s2θi + (Iz1 + Iz2)c
2θi

m
(i)
33 = m2

m
(i)
12 = m

(i)
21 = m

(i)
23 = m

(i)
32 = m

(i)
13 = m

(i)
31 = 0

(2.16)

The centrifugal and Coriolis matrices (Khang, 2010) of the i-th limb are given by

C(i)(q(i), q̇(i)) =
∂M(i)(q(i))

∂q(i)
(I3 ⊗ q̇

(i))−
1

2

(∂M(i)(q(i))
∂q(i)

(q̇(i) ⊗ I3)
)T

(2.17)
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Substituting the matrix M(i)(q(i)) from (2.15) into (2.17) and using Maple for calculation, we
obtain

C(i)(q(i), q̇(i)) =




c
(i)
11 c

(i)
12 0

0 c
(i)
22 0

c
(i)
31 c

(i)
32 0


 (2.18)

where

c
(i)
11 = 2m2(di − e2)ḋi

c
(i)
12 = −sθicθi[m1e

2
1 +m2(di − e2)

2 + Ix1 + Ix2 − Iz1 − Iz2 ]φ̇i

c
(i)
22 = 2sθicθi[m1e

2
1 +m2(di − e2)

2 + Ix1 + Ix2 − Iz1 − Iz2]θ̇i + 2m2(di − e2)s
2θiḋi

c
(i)
31 = −m2(di − e2)θ̇i

c
(i)
32 = −m2(di − e2)s

2θiφ̇i

c
(i)
13 = c

(i)
21 = c

(i)
23 = c

(i)
33 = 0

(2.19)

The potential energy of the i-th limb is expressed by

Π(i) = m1g
TrGi1 +m2g

TrGi2 = m1g(aiz + e1cθi) +m2g[aiz + (di − e2)cθi] (2.20)

and

g(i)(q(i)) =
(∂Π(i)

∂q(i)

)T
=



(−m1e1 −m2di +m2e2)gsθi

0
m2gcθi


 (2.21)

Based on the principle of virtual work, the calculation of the virtual work of non-conservative
forces is expressed by
∑
δAnpi = τiδdi −XBiδxBi − YBiδyBi − ZBiδzBi (2.22)

The position of the joint Bi can be determined by rBi = ai + di. In the coordinate system
(O,x0, y0, z0), we have

r
(0)
Bi
= a
(0)
i +Aid

(i)
i =



aix
aiy
aiz


+



cφicθi −sφi cφisθi
sφicθi cφi sφisθi
−sθi 0 cθi






0
0
di


 =



aix + cφisθidi
aiy + sφisθidi
aiz + cθidi




Thus, the virtual displacement of the joint Bi is given by

δxBi = dicφicθiδθi − disφisθiδφi + cφisθiδdi

δyBi = disφicθiδθi + dicφisθiδφi + sφisθiδdi

δzBi = −disθiδθi + cθiδdi

(2.23)

Substituting the components of (2.23) into (2.22), we get
∑
δAnpi = (−dicφicθiXBi − disφicθiYBi + disθiZBi)δθi

+ (disφisθiXBi − dicφisθiYBi)δφi + (τi −XBicφisθi − YBisφisθi − ZB1cθi)δdi
(2.24)

Thus, the generalized force corresponding to the conservative force acting on the i-th limb is

f
np
i =



−dicφicθiXBi − disφicθiYBi + disθiZBi

disφisθiXBi − dicφisθiYBi
τi −XBicφisθi − YBisφisθi − ZB1cθi


 (2.25)
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The system of differential equations describing motion of the i-th limb is given in a matrix form

M(i)(q(i))q̈(i) +C(i)(q(i), q̇(i))q̇(i) + g(i)(q(i)) = fnpi (2.26)

We obtain 3 differential equations which are components of equation (2.26) with one value of i
(i = 1, . . . , 6). So we have 18 differential equations in total.

2.2. System of equations for motion of the moving platform

The mass of the moving platform (in Fig. 3) is denoted by mP . The position and ori-
entation of the moving platform are determined by the vector of generalized coordinates
x = [xP , yP , zP , ϕx, ϕy, ϕz ]

T.
The forces acting on the moving platform consist of the reaction forces Fi (i = 1, . . . , 6) at

the joint Bi and the gravity force mPg, where

F
(0)
i = [XBi , YBi , ZBi ]

T i = 1, . . . , 6

g = [0, 0,−g]T g = 9.8m/s2

The moment of inertia of the moving platform in the coordinate system (P, u, v, w) is given by

I
(P )
P =



Ix3 0 0
0 Iy3 0
0 0 Iz3




According to Khang (2007), the differential equations of motion are presented in the form of
Newton-Euler equations as below

mPaP =
6∑

i=1

Fi +mPg (2.27)

and

IP ω̇P + ωP × (IPωP ) =MP (2.28)

The angular velocity of the moving platform using the tilde operator is

ω̃
(P )
P = ȦPA

T
P =




0 sϕxϕ̇y − cϕxcϕyϕ̇z cφxϕ̇y + cφxsφyϕ̇z
−sϕxϕ̇y + cϕxcϕyϕ̇z 0 ϕ̇x + sφyϕ̇z
−cϕxϕ̇y − cϕxsϕyϕ̇z ϕ̇x − sϕyϕ̇z 0




then we get

w
(P )
P =




ϕ̇x − sϕyϕ̇z
cϕxϕ̇y + cϕxsϕyϕ̇z
−sϕxϕ̇y + cϕxcϕyϕ̇z


 (2.29)

and the angular acceleration is

α
(P )
P =

dw
(P )
P

dt
=




ϕ̈x − sϕyϕ̈z − cϕyϕ̇yϕ̇z
cϕxϕ̈y − sϕxcϕyϕ̈z − sϕxϕ̇xϕ̇y + cϕxcϕyϕ̇xϕ̇z − sϕxsϕyϕ̇yϕ̇z
−sϕxϕ̈y + cϕxcϕyϕ̈z − cϕxϕ̇xϕ̇y − sϕxcϕyϕ̇xϕ̇z − cϕxsϕyϕ̇yϕ̇z


 (2.30)

The velocity and acceleration of the point P are given by

v
(0)
P =

dr
(0)
P

dt
= [ẋP , ẏP , żP ]

T a
(0)
P =

dv
(0)
P

dt
= [ẍP , ÿP , z̈P ]

T (2.31)
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The moment of reaction forces about point P on the moving platform is presented by

MP =
6∑

i=1

bi × Fi (2.32)

and in the coordinate system (P, u, v, w), it can be written in the algebraic matrix form

M
(P )
P =

6∑

i=1

b̃
(P )
i F

(P )
i (2.33)

where b
(P )
i = [biu, biv , biw]

T, F
(P )
i = A

T
PF
(0)
i and leads to the tilde matrix

b̃
(P )
i =



0 −biw biv
biw 0 −biu
−biv biu 0




We can rewrite equation (2.27) in the global coordinate system (O,x0, y0, z0) and equation (2.28)
in the local coordinate system (P, u, v, w) as below

mPa
(0)
P =

6∑

i=1

F
(0)
i −mPg (2.34)

and

I
(P )
P α

(p)
P + ω̃

(P )
P (I

(P )
P ω

(P )
P ) =M

(P )
P (2.35)

Considering components of equations (2.34) and (2.35), we obtain six differential equations for
motion of the moving platform

mP ẍP = XB1 +XB2 +XB3 +XB4 +XB5 +XB6

mP ÿP = YB1 + YB2 + YB3 + YB4 + YB5 + YB6

mP z̈P = ZB1 + ZB2 + ZB3 + ZB4 + ZB5 + ZB6 −mP g

(2.36)

and

Ix3(ϕ̈x − sϕyϕ̈z − cϕyϕ̇yϕ̇z) + Iy3(sϕxϕ̇y − cϕxcϕyϕ̇z)(cϕxϕ̇y + cϕxsϕyϕ̇z)

+ Iz3(cϕxϕ̇y + cϕxsϕyϕ̇z)(−sϕxϕ̇y + cϕxcϕyϕ̇z)

=
6∑

i=1

[−biw(−sϕzcϕx + cϕzsϕysϕx)− biv(−sϕzsϕx − cϕzsϕycϕx)]XBi

+
6∑

i=1

[−biw(cϕzcϕx + sϕzsϕysϕx)− biv(cϕzsϕx − sϕzsϕycϕx)]YBi

+
6∑

i=1

[−biwcϕysϕx + bivcϕycϕx]ZBi

Ix3(ϕ̇x − sϕyϕ̇z)(−sϕxϕ̇y + cϕxcϕyϕ̇z) + Iz3(−sϕxϕ̇y + cϕxcϕyϕ̇z)(ϕ̇x + sϕyϕ̇z)

+ Iy3(cϕxϕ̈y − sϕxcϕyϕ̈z − sϕxϕ̇xϕ̇y + cϕxcϕyϕ̇xϕ̇z − sϕxsϕyϕ̇yϕ̇z)

=
6∑

i=1

[biwcϕzcϕy − biu(sϕzsϕx + cϕzsϕycϕx)]XBi

+
6∑

i=1

[biwsϕzcϕx − biu(−cϕzsϕx + sϕzsϕycϕx)]YBi +
6∑

i=1

[−biwsϕy − biucϕycϕx]ZBi

(2.37)
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Ix3(ϕ̇x − sϕyϕ̇z)(−cϕxϕ̇y − cϕxsϕyϕ̇z) + Iy3(ϕ̇x − sϕyϕ̇z)(cϕxϕ̇y + cϕxsϕyϕ̇z)

+ Iz3(−sϕxϕ̈y + cϕxcϕyϕ̈z − cϕxϕ̇xϕ̇y − sϕxcϕyϕ̇xϕ̇z − cϕxsϕyϕ̇yϕ̇z)

=
6∑

i=1

[−bivcϕzcϕy − biu(sϕzcϕx − cϕzsϕysϕx)]XBi

+
6∑

i=1

[−bivsϕzcϕy + biu(cϕzcϕx + sϕzsϕysϕx)]YBi +
6∑

i=1

[bivsϕy + biucϕysϕx]ZBi

where i = 1, 2, . . . , 6.
Thus, we obtain 18 differential equations from (2.26) for motion of six limbs, 6 differential

equations (2.36) and (2.37) for the moving platform, and 18 constraint equations taken from
(2.7). In total, we obtain a system of 42 differential-algebraic equations to describe the overall
Stewart-Gough platform motion.
Briefly, the 24 differential equations, which are taken from (2.26), (2.36) and (2.37), can be

abbreviated in a matrix form

M(s)s̈ + v(sṡ) + g(s) = τ − JTs (s)λ (2.38)

and the 18 constraint equations can be abbreviated in the form

f(s) = 0 (2.39)

where λ is a vector of constraint forces acting on the moving platform

λ = [XB1, YB1, ZB1, . . . ,XB6, YB6, ZB6]
T (2.40)

τ is the vector of input forces exerted on the actuated joints

τ = [τTa , τ
T
z ]
T

τ ∈ R
ns (2.41)

s is a vector of minimum generalized coordinates used for determining the position and orienta-
tion of the Stewart-Gough platform

s = [qTa ,q
T
p ,x

T]T = [qTa , z
Tt]T , s ∈ R

ns ns = na + nz (2.42)

τa = [τ1, τ2, τ3, τ4, τ5, τ6]
T, τ a ∈ R

na is a vector of input forces exerted on the actuated joints,
τr = [0, 0, . . . , 0]

T, τ r ∈ R
nz , qa = [d1, d2, d3, d4, d5, d6]

T is a vector of generalized coordinates
of the length of limbs, qp = [θ1, θ2, θ3, θ4, θ5, θ6, φ1, φ2, φ3, φ4, φ5, φ6]

T is a vector of generalized
coordinates of the limb rotation, x = [xP , yP , zP , ϕx, ϕy, ϕz ]

T is a six-dimensional vector used
for specification of the global position and orientation of the moving platform in the coordinate
system (O,x0, y0, z0), z = [q

T
p ,x

T]T, z ∈ R
nz ] and

M(s) ∈ R
ns×ns f ∈ R

r JTs (s) ∈ R
ns×r λ ∈ R

r

Js =
∂f

∂s
g(s) ∈ R

ns v(s, ṡ) ∈ R
ns

(2.43)

This system of equations contains 42 equations with 42 variables (including 18 constraint forces
in (2.40) and 24 generalized coordinates in (2.42)), so it is possible to solve and find the solution.

3. Solving the system of abbreviated differential equations for the inverse

dynamics problem

The problem of inverse dynamics can be described as follows: given the desired trajectory of
the moving platform motion x = x(t), x ∈ R

m and constraint equations f(x,q) = 0, the task is
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to determine the vector of input forces τ exerted on the actuated joints. An idea proposed to
solve the problem is based on the elimination of the generalized coordinates s and the vector of
constraint forces λ, transforming differential/algebraic equations (2.38) and (2.39) into ordinary
differential equations with variables representing the components of the vector qa. The number
of equations is equal to the number of degrees of freedom of the Stewart-Gough platform (see
Khang, 2013).

It is possible to rewrite (2.39) in the following form

f(s) = f(qa, z) = 0 f ∈ R
r z ∈ R

nz qa ∈ R
na (3.1)

Supposing that the number of generalized coordinates is equal to the number of additional
constraint equations r = nz. From equation (3.1) we have

δf =
∂f

∂s
δs = Js(s)δs = 0 (3.2)

which results in

Js(s)δs = Ja(s)δqa + Jz(s)δz = 0 (3.3)

Rewriting equation (2.38), we obtain

JTs (s)λ =M(s)s̈ + v(s, ṡ) + g(s) − τ (3.4)

Transposing both sides of equation (3.4) and multiplying by δs, we obtain

λ
TJsδs = [M(s)s̈ + v(s, ṡ) + g(s) − τ ]

Tδs (3.5)

Considering equation (3.3), we have

[M(s)s̈ + v(s, ṡ) + g(s) − τ ]Tδs = 0T (3.6)

Moreover, from equation (3.3), we obtain

δz = −J−1z (s)Ja(s)δqa (3.7)

so

δs =

[
δqa
δz

]
=

[
Ena

−J−1z (s)Ja(s)

]
δqa (3.8)

where Ena is the identity matrix.

Denoting

R(s) =

[
Ena

−J−1z (s)Ja(s)

]
(3.9)

equation (3.8) can be expressed as

δs = R(s)δqa (3.10)

We divided both sides of equation (3.10) by dt and then get

ṡ = R(s)q̇a (3.11)
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Substituting (3.11) into (3.6), we get

[M(s)s̈ + v(sṡ) + g(s) − τ ]TR(s)δqa = 0
T (3.12)

Considering the vector δq = [δqa1 , δq
a
2 , . . . , δq

q
na ]
T is not a zero vector in general, from (3.12), we

can write

RT(s)[M(s)s̈ + v(s, ṡ) + g(s) − τ ] = 0 (3.13)

Equation (3.13) can be presented in the form

RT(s)τ = RT(s)[M(s)s̈ + v(s, ṡ) + g(s)] (3.14)

Substituting (2.41) and (3.9) into the left-hand side of equation (3.14), we get

RT(s)τ = [Ena,−(J
−1
z (s)Ja(s))

T]

[
τ a

τ z

]
= τ a − [J

−1
z (s)Ja(s)]

T
τ z (3.15)

Substituting (3.15) into (3.14), we arrive at

τ a = R
T(s)[M(s)s̈ + v(s, ṡ) + g(s)] + [J−1z (s)Ja(s)]

T
τ z (3.16)

In brief, the solution of the inverse dynamics problem based on the system of abbreviated
differential equations with minimum generalized coordinates can be achieved by following the
steps below.

Step 1: Given x(t) and f(xq) = 0, determine s(t), ṡ(t), s̈(t), solving the problem of inverse
kinematics.

Step 2: Determine the matrices Jz(s), Ja(s), J
−1
z (s), R(s), M(s), v(s, ṡ), g(s).

Step 3: Determine the vector of input forces τ a using equation (3.16).

4. Numerical example

According to Tsai (2000), the value of parameters used for simulations was obtained by Wang
and Gosselin (1998). The positions of joints Ai (i = 1, . . . , 6) in the global coordinate system
(O,x0, y0, z0) can be determined by the algebraic vectors ai [m] and bi [m]

a1 = [−2.120, 1.374, 0]
T a2 = [−2.380, 1.224, 0]

T

a3 = [−2.380,−1.224, 0]
T a4 = [−2.120,−1.374, 0]

T

a5 = [0,−0.15, 0]
T a6 = [−2.380,−1.224, 0]

T

b1 = [0.170, 0.595,−0.4]
T b2 = [−0.6, 0.15,−0.4]

T

b3 = [−0.6,−0.15,−0.4]
T b4 = [0.170,−0.595,−0.4]

T

b5 = [0.43,−0.445,−0.4]
T b6 = [0.43, 0.445,−0.4]

T

The mass of the moving platform is mP = 1.5 kg.

The mass and dimension of links 1 and 2 for each limb are given as follows: m1 = 0.1 kg,
e1 = 0.5m and m2 = 0.1 kg, e2 = 0.5m.
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The moments of inertia of the moving platform and links are (in [kg/m2])

I
(P )
P =



0.08 0 0
0 0.08 0
0 0 0.08


 I

(i)
i1 =



0.00625 0 0
0 0.00625 0
0 0 0




I
(i)
i2 =



0.00625 0 0
0 0.00625 0
0 0 0




The equations and graphs for the desired trajectory describing motion of the center of mass of
the moving platform and the simulation results of the input forces for several cases are presented
in Table 1. The simulation was performed using Maple software.
The simulation results for cases 1 and 2 matches the results by Tsai (2000).

Table 1. The simulation (rP = [xP , yP , zP ]
T in [m], ω in [rad/s])

Equation of motion
Desired trajectory Input forces
of motion

Case 1: Linear motion

rP =



−1.5 + 0.2 sinωt
0.2 sinωt
1 + 0.2 sinωt




ω = 3, 0 ¬ ωt ¬ 2π
φx = φy = φz = 0

Case 2: Rotation around the axis z0

rP =



−1.5
0
1




ω = 3, 0 ¬ ωt ¬ 2π
φx = φy = 0,
φz = 0.35 sin ωt

Case 3: A circle parallel to the plane Oxy

r =



−1.5 + 0.2 sinωt
0.2− 0.2 cos ωt

1




ω = 3, 0 ¬ ωt ¬ 2π
φx = φy = φz = 0
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Case 4: A circle parallel to the plane Oxz

rP =



−1.5 + 0.2 sinωt

0
0.8 + 0.2 cos ωt




ω = 3, 0 ¬ ωt ¬ 2π
φx = φy = φz = 0

Case 5: A circle parallel to the plane Oyz

rP =




−1.5
0.2 sinωt

0.8 + 0.2 cos ωt




ω = 3, 0 ¬ ωt ¬ 2π
φx = φy = φz = 0

Case 6: An ellipse

rP =



−1.5 + 0.2 sinωt
0.2− 0.2 cos ωt
0.8 + 0.2 cos ωt




ω = 3, 0 ¬ ωt ¬ 2π
φx = φy = φz = 0

Case 7: A part of a spiral

rP =



−1.5 + 0.2 sinωt
0.2− 0.2 cos ωt
1 + 0.2ωt




ω = 3, 0 ¬ ωt ¬ 2π
φx = φy = φz = 0

5. Conclusion

The Stewart-Gough platform is used extensively in mechanical engineering and medical biology
practice. Therefore, studying the dynamics and control of the Stewart-Gough platform is very
important. In this article, the substructure technique method and a matrix of Lagrange equa-
tions were used to establish the system of equations of motion of the Stewart-Gough platform,
and the inverse dynamics problem of the Stewart-Gough platform was solved. The simulation
results for cases 1 and 2, which match with the results by Tsai (2000), verify the correctness
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of the method used in this article. With the use of the substructure technique, the problem of
determining the equations of motion for a complex spatial structure becomes clear and realiz-
able. The computational method for the Stewart-Gough platform can be applied to modeling of
other parallel platforms.
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